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Question 1 [45 marks].

(i) Give the definition of the symbol class S™(R?*").
Prove that if a € S™ (R*") and b € S™2(R?") then 0gadlb € S™Tm2=lel(R?"), for
all a, 8 € NI 10]

(ii) Give the definition of pseudodifferential operator a(x, D) with symbol
a € S™(R*"). Write a(z, D) f, f € (R") in the oscillatory integral form

/R2n S (eixfa(ﬂf, §)f(y)> dy d¢

and prove that .
bo(y, &) = ea(x,€) f(y)

is an amplitude of order m, := max{0,m} with respect to y and &. [15]
(iii) Let zp € R™. Define the translation operator
Tp: L (R") = L (R") : f = f(- + x0).

(a) Prove that T, can be written in the integral form

n

T(P)a) = [ oemsfie) e 10]
(b) Is a(§) = 0% a symbol in S™(R?*")? [10]

Question 2 [55 marks].

(i) Define the Sobolev space H*(R"™) with s € R. Using (without proof) the fact that
pseudodifferential operators of order 0 are bounded on L*(R") = H°(R") state and
prove the theorem of Sobolev boundedness for a(z, D) with a € S™(R"), m # 0. [10]

(i) Let a € S™(R2).

(a) Give the definition of (pseudodifferential) right parametrix of a(x, D). 5]
(b) Prove that if a(z, D) has a right parametrix p(z, D) then it is a hypoelliptic
operator, i.e., singsupp a(z, D)u = singsupp u for all u € .#'(R"). [10]
(iii) Let m € R and | < m.

(a) Define the class of hypoelliptic symbols of type (m, ). 5]
(b) Define the class of elliptic symbols of order [ and prove that an elliptic
symbol of order m is hypoelliptic. [10]
(iv) Let a € S™(R?™).
(a) Prove that if there exists p € S™™(R?") such that pfa — 1 = r, where
r € S7°(R?") then a is an elliptic symbol of order m. [10]

(b) If a is a hypoelliptic symbol of type (m,[) and u solves the equation
a(x, D)u = f, where f € .(R"), can u be non smooth? Justify your answer. [5]
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