LTCC Examination 2023

Symmetry Methods for Differential Equations
1. Show that the groups
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are one-parameter groups of transformations.

Answer: For these transformations one has to show that

(i) If e = 0 then o* = z and t* = ¢, so € = 0 is the identity transformation.
(ii) Show that —e is the inverse transformation.

(iii) Show that the product (composition) of two transformations is a transformation with parameter
€+90.

2. Show that the Riccati equation
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is invariant under the projective group
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Find the associated invariant and hence solve equation (2).
Answer:If y(z) satisfies the Riccati equation (2) then y*(z*) satisfies
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The invariant is y/x so letting y(z) = zv(x) in the Riccati equation (2) gives
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3. The infinitesimals for the classical Boussinesq system

up + Uty + v, = 0,
v+ (U0)g + Ugaw = 0,
are
E=ax+ [Bt+7, T = 2at + 6, o = B8 — au, oY = —2aw.
where o, B, v and & are arbitrary constants. Determine all the symmetry reductions and find the

resulting ordinary differential equations. You do not have to solve these ordinary differential equations.

Answer: To determine the symmetry reductions, it is necessary to solve the equations
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There are three cases to consider: (i), a # 0; (ii), « = 0 and 8 # 0; and (iii), « = 8 = 0.

(i) If o # 0 then set a = 1 and v = § = 0, without loss of generality. The symmetry reduction is
U(z) V(z) x— Bt
+ 5, v(z,t) = , Z = ,
i B (2,1) 7
where U(z) and V(z) satisty the ODEs
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(ii) If « =0 and B # 0 then set 5 =1 and v = 0, without loss of generality. The symmetry reduction
is
W) =U) +pt, o) =V(:), 2= — Lt

where U(z) and V(z) satisty the ODEs
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(ii) If @ = B = 0 then we obtain the travelling wave reduction
u(z,t) =U(z), v(z,t) =V (2), z=x —ct,
where U(z) and V(z) satisfy the ODEs
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. Consider the modified Boussinesq equation
Upp + Upllgy — 20U + Uggas = 0. (4)
Find the condition on the parameters p and \ for
u(z,t) = w(z) + pat, 2= x4+ M2,

to be a symmetry reduction of the modified Boussinesq equation (4) and find, but not solve, the ordinary
differential equation which w(z) satisfies. Determine whether this is a classical or nonclassical reduction
of the modified Boussinesq equation (4).

Answer: If
u(z,t) = w(z) + pat, z=x+ M2, (5)

then to getan ordinary differential equation necessarily u = 2\, which gives
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The infinitesimals for the modified Boussinesq equation are
E=ax+ 05, T =2at + 7, ¢ =6.

where «, 8, 7 and ¢ are arbitrary constants. These yield a scaling reduction (if a # 0) and a travelling
wave reduction (if & = 0). Hence the reduction is a nonclassical reduction.



