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Question 1.

1.

2.

D.

Prove that if f € L*(R™) then fis continuous everywhere.

Let u, f € L'(R") be such that f = Ayu, where A, := Y} | 02 is the Laplacian.
Show that

f(z)dz = 0.
Rn

. Let u, f € L*(R") satisfy (1 — A,)u = f. Suppose that f satisfies

~ C

Prove that u is a bounded continuous function on R”.

. Let f € L'(R") and let A € R™*" be an invertible matrix. If B = (A")~! then

FoA=|det(4)'fo B.

Prove that 1 = .

Question 2.

1.

Prove the following properties of the classes S™, m € R.

A If 0 € S™ and 7 € S™ then o7 € S™1t™m2,
B. If 0 € S™, then 0700 € S™ 1l for all a, 5 € N.

C. Let 0 € S™ and let ¢ € S(R"). Show that 7(x,&) = o(z,£)p(€) defines a
symbol in S7%° =" g S™.

. Let P(z,D) = >, j<m a(2)05, be a partial differential operator of order m € N

with coefficients a, € C>*°(R™)NL>*(R"). Show that P(z, D) has a symbol (z,&) —
P(z,&) € S™.

2
. Show that the pseudo-differential operator with symbol o(x,&) = e~ does not

map C§°(R"™) into C§°(R™).



4. Let a € S™ and let v € C§°(R™ x R™) be such that v = 1 near the origin. For
€ > 0 define a(z,&) = a(x,&)y(ex, €€). Prove that a. € S™ uniformly in 0 < e <1
(i.e. show that the constants in symbolic inequalities may be chosen independent
of 0 < e <1) and that 6’?8?%(1’,5) — 8§‘8§a(w,§) as € — 0 for all z,£ € R™.

5. Suppose that b € S™ and b > 0 is elliptic of order m. Prove that a = Vb € S%.



