LTCC Examination 2025

Symmetry Methods for Differential Equations

1. (a) Show that the hyperbolic rotation group

xsinh e

x* = xcoshe + ctsinhe, tt = + tcoshe, (1)
with ¢ a non-zero constant, forms a one-parameter group of transformations in . Derive
the infinitesimal forms of the hyperbolic rotation group. Hence by integration rederive the
global form of the group.

(b) By making the transformation ¢ = arctanh(—v/c), with v a parameter, show that the hyper-
bolic rotation group (1) becomes the Lorentz transformation

xr — vt

. o t —vx/c?
r = —F— =

m ’ V1—0v2%/c? .
2. Determine the value of o for which the equation

d 4e~2®
7y = y3€2x —y+ s (2)
dx Y

is invariant under the one-parameter group
¥ =x+e, y* = yexp(ag).
Find the associated invariant and hence find the solution of equation (2).
3. The infinitesimals for the dispersive water-wave equation
Upt + 2Up gy + gy + 6UL UGy + Upgzs = 0, (3)

are
&= ax+ 20t + 1, T =2at + 6, ¢ = Pr+ kK,

where «, 3, v, § and « are arbitrary constants. Determine all the symmetry reductions and find
the resulting ordinary differential equations. You do not have to solve these ordinary differential
equations.

4. Show that the nonlinear equation
Upy + Uy + Wllgy + U2 + Upgyy = 0, 4)
possesses the symmetry reduction
u(z,t) =t 2w(z) — 1, z=x — Ant,

with A\ a constant, and find the ordinary differential equation which w(z) satisfies. Determine
whether this is a classical or nonclassical reduction.



